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LEFSCHETZ-BOTT FIBRATIONS ON LINE BUNDLES OVER
SYMPLECTIC MANIFOLDS
TAKAHIRO OBA
Abstract. We describe Lefschetz-Bott fibrations on complex line bundles over sym-
plectic manifolds explicitly. As an application, we construct more than one strong
symplectic filling of the link of the Ak-type singularity. In the appendix, we show
that the total space of a Lefschetz-Bott fibration over the unit disk serves as a strong
symplectic filling of a contact manifold compatible with an open book induced by the
fibration.
1. Introduction
Lefschetz fibrations have played an important role in the study of Stein fillings of
contact manifolds. According to results of Akbulut and Ozbagci [3], Loi and Piergallini
[19] and Giroux and Pardon [16], it is known that every Stein domain admits a Lefschetz
fibration over a disk. Conversely, thanks to a result of Eliashberg [11] (see also [7]), the
total space of a Lefschetz fibration over a disk admits a Stein structure. Lefschetz
fibrations demonstrate their ability especially in construction of various Stein fillings
of contact manifolds. Ozbagci and Stipsicz [24], for example, constructed infinitely
many Stein fillings of contact 3-manifolds using Lefschetz fibrations. This result was
generalized to higher dimensions by the author [23] recently. Moreover, in the low-
dimensional case, one can show uniqueness of Stein fillings of contact 3-manifolds through
Lefschetz fibrations combined with a result of Wendl [33] (see [26] for example).
To see a broader class of symplectic fillings of contact manifolds via fibration-like
structures, we need to consider other ones, not Lefschetz fibration. In this article, we
discuss (symplectic) Lefschetz-Bott fibrations, which can be seen as the complexification
of Morse-Bott functions (see Definition 3.3 for the precise definition). Although these
fibrations were introduced by Perutz [25] in a different context, it is natural to expect
that they help us to study symplectic fillings of contact manifolds as well as Lefschetz
fibrations. In fact, as shown in Appendix A, the total space of a symplectic Lefschetz-
Bott fibration serves as a strong symplectic filling of a contact manifold. However, little
is known about these fibrations, and hence we first find examples of symplectic manifolds
that admit Lefschetz-Bott fibrations.
Theorem 1.1. Let (M,ω) be a closed symplectic manifold. Suppose that [ω/2π] ∈
H2(M ;R) has an integral lift that is Poincare´ dual to the homology class of a symplectic
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hypersurface in (M,ω). Then, a line bundle L over (M,ω) with c1(L) = −[ω/2π] admits
a symplectic Lefschetz-Bott fibration over C.
A theorem of Donaldson [10] provides tons of pairs of a symplectic manifold and
its symplectic hypersurface satisfying the assumption of Theorem 1.1. Indeed, given a
symplectic manifold (M,ω) with [ω/2π] ∈ H2(M ;Z), there exists a sufficiently large k >
0 such that [kω/2π] is Poincare´ dual to the homology class of a symplectic hypersurface
in (M,kω). In Section 3.5, we will give more meaningful examples.
We would like to emphasize that if the dimension of M is greater than 2, any line
bundle over M never admits a Lefschetz fibration by a topological reason (see Remark
3.14 for the details). Using the theorem, in Section 3.4 we construct a Lefschetz-Bott
fibration over the unit disk on the corresponding disk bundle, which is a not Stein in
general but strong symplectic filling of the circle bundle. Hence, Lefschetz-Bott fibra-
tions can capture not Stein but strong symplectic fillings of contact manifolds, which
Lefschetz fibrations cannot do. It is known that there are contact manifolds whose con-
tact structures are not Stein fillable but strongly fillable. In Example 3.13, we pick up
the link of a cyclic quotient singularity as such a contact manifold and see that a strong
symplectic filling of this contact manifold admits a Lefschetz-Bott fibration over a disk.
We will apply the above theorem to construct various strong symplectic fillings of
contact manifolds. In their paper, Acu and Avdek [1] (cf. [2]) gave relations in symplectic
mapping class groups of Milnor fibers. In fact, such a relation connects a resolution of
an isolated singularity of a complex hypersurface with its Milnor fiber. This enables
us to generalize a combinatorial technique of mapping class groups for low-dimensional
Lefschetz fibrations. In Section 4.1, we construct more than one strong symplectic filling
of the link of the Ak-type singularity. This construction is actually related to blowing-
up process to obtain a resolution of the singularity (see Proposition 4.5). Furthermore,
we would like to point out a paper of Smith and Thomas [31] where they discussed
a symplectic surgery along a Lagrangian sphere. Our operation to produce various
symplectic fillings corresponds to their surgery. In other words, we realize their surgery
as an operation for Lefschetz-Bott fibrations. See Remark 4.3 for more details.
This article is organized as follows: In Section 2, we review Boothby-Wang bundles
and line bundles associated to them. Section 3 is divided into five subsections. After
reviewing fibered Dehn twists and Lefschetz-Bott fibrations in Section 3.1 and 3.2, re-
spectively, we prove the main theorem in Section 3.3. In Section 3.4, cutting the above
fibration, we construct a Lefschetz-Bott fibration over a disk with compact fibers. We
examine some examples in Section 3.5. In Section 4, we discuss strong symplectic fillings
of the link of the Ak-type singularity. Moreover, we interpret this result from the point
of view of the singularity theory and Lefschetz-Bott fibrations. To make this article self-
contained, in Appendix A, we give an explicit description of smoothing of the corners
of the total space of a Lefschetz-Bott fibration over the unit disk. As a consequence, we
also show that the smoothed manifold is a strong symplectic filling of a contact manifold
compatible with an open book induced by the fibration.
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2. Line bundles
2.1. Boothby-Wang bundles and associated line bundles. Let (B,ω) be a closed
symplectic manifold with [ω/2π] ∈ H2(B;Z), i.e., the cohomology class [ω/2π] ∈ H2(B;R)
lies in the image of the natural map H2(B;Z) → H2(B;R) induced by the canonical
inclusion Z →֒ R. According to the construction due to Kobayashi [17], there exists a
principal S1-bundle p : P → B with a connection 1-form α ∈ Ω1(P ) whose curvature
form is equal to dα = p∗ω. We call this bundle p : (P,α) → (B,ω) the Boothby-Wang
bundle (or the prequantization bundle) over (B,ω). In our convention, the Euler class of
this bundle is e(P ) = −[ω/2π]. Note that we identify the Lie algebra of S1 with R and
regard the connection 1-form α on P as an (R-valued) differential 1-form on P . Since
ω is a symplectic form, α is a contact form on P whose Reeb vector field Rα is the
generator of the S1-action on each fiber of p : P → B.
In this article, we think two types of bundles associated to p : P → B. Define two
homomorphisms ρ, ρ¯ : S1 ∼= R/Z→ U(1) ∼= S1 by
ρ(θ) = e2πiθ, ρ¯(θ) = e−2πiθ.
Consider the associated bundle P ×ρ C → B, that is, the quotient space of P × C with
the right S1-action defined by
(x, z) · θ = (x · θ, ρ(−θ)z) = (x · θ, e−2πiθz)
for (x, z) ∈ P × C and θ ∈ S1. By definition, the first Chern class c1(P ×ρ C) of this
bundle agrees with e(P ). One can equip the total space with a symplectic structure as
follows. Let
p∗ω + d(r2dθ) + d(r2α) = d((1 + r2)(α + dθ))
be a 2-form on P×C, where (r, θ) are polar coordinates of C. This 2-form is S1-invariant
and horizontal, and in particular its kernel at each point (x, z) is spanned by the vector
(Rα − ∂θ)|(x,z) (see [22, Lemma IV. 17] for example). Therefore, the 2-form on P × C
descends to the symplectic form ωα on P ×ρ C.
Next, consider the other associated bundle, namely, P ×ρ¯ C → B. The total space is
obtained by dividing P × C by the S1-action given by
(x, z) · θ = (x · θ, ρ¯(−θ)z) = (x · θ, e2πiθz).
This construction shows that this bundle P ×ρ¯ C is dual to the previous bundle P ×ρ C,
and c1(P ×ρ¯ C) = −e(P ). Similar to the above argument, we can equip a symplectic
structure on the disk bundle P ×ρ¯ D˚, where D˚ is the open unit disk in C. Define a 2-form
on P × D˚ by
p∗ω + d(r2dθ)− d(r2α) = d((1 − r2)(α− dθ)).
A straightforward computation shows that this 2-form is S1-invariant and horizontal,
and its kernel at each point (x, z) is spanned by the vector (Rα + ∂θ)|(x,z). Hence, the
2-form defines the symplectic form ωα¯ on P×ρ¯ D˚. Furthermore, it is an exact form on the
complement of the zero-section B0 ⊂ P ×ρ¯ D˚, that is, the 1-form λα¯ = (1− r2)(α − dθ)
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on (P ×ρ¯ D˚) \B0 satisfies dλα¯ = ωα¯|(P×ρ¯D˚)\B0 . Let
Xα¯ = −1− r
2
2r
∂r
be a vector field defined in (P ×ρ¯ D˚) \B0. Then, we have ιXα¯ωα¯ = λα¯. This shows that
Xα¯ is ωα¯-dual to λα¯, which is called the Liouville vector field of λα¯.
2.2. Decompositions of symplectic manifolds. Let (M,ω) be a closed symplectic
manifold with [ω/2π] ∈ H2(M ;Z). Suppose that the cohomology class [ω/2π] is Poincare´
dual to the homology class of a symplectic hypersurface H ⊂ M . Set ωH = ω|TH and
let pH : (P,α)→ (H,ωH) be the Boothby-Wang bundle over (H,ωH). It is easy to check
that the symplectic form ω is exact on the complementM \H. Thus, there is a primitive
1-form λ of ω onM \H, i.e., dλ = ω|M\H . By Weinstein’s tubular neighborhood theorem
coupled with an argument of Diogo and Lisi [9, Lemma 2.2], there exists some 0 < δ < 1,
a primitive 1-form λ of ω on M \H and a symplectic embedding
ϕν : (P ×ρ¯ D(δ), ωα¯)→ (M,ω)
such that ϕν
∗λ = λα¯ and the zero-section under ϕν coincides with H, where D(δ) is the
closed disk in C of radius δ. Set νM (H) = ϕν(P ×ρ¯ D(δ)) and V = M \ ν˚M (H), where
ν˚M (H) is the interior of νM (H). Endow M \H with the Liouville vector field X of λ.
Since ϕν pulls back λ to λα¯, its push-forward map sends Xα¯ to X.
For future use, we define an annulus bundle associated to P . Take δ′ ∈ R such that
0 < δ < δ′ < 1, and embed (P ×ρ¯ D2(δ′), ωα¯) into (M,ω) symplectically by a canonical
extension ϕˆν of the previous embedding ϕν . Set A(δ, δ
′) = {z ∈ C | δ ≤ |z| ≤ δ′}, which
is diffeomorphic to an annulus. Our desired annulus bundle is
P ×ρ¯ A(δ, δ′)→ H.
Note that the image ϕˆν(P ×ρ¯ A(δ, δ′)) lies in V .
2.3. Line bundles over symplectic manifolds. Let (M,ω) and H be a closed sym-
plectic manifold and its symplectic hypersurface as above, respectively. We assume that
M is decomposed as M = V ∪ νM (H) as in the previous subsection. Here we construct
a principal S1-bundle over M based on [6] and its associated line bundle over each piece
of the decomposition, and then we glue two line bundles together to obtain a line bundle
over M .
Let pV : V ×S1 → V be the projection to the first factor. It can be seen as a principal
S1-bundle, and its connection 1-form is
αV = λ+ dθ1,
where θ1 is the standard coordinate of S
1. Consider the associated line bundle (V ×
S1)×ρ C→ V endowed with the symplectic structure ωαV on the total space defined by
ωαV = pV
∗(dλ) + d(r22dθ2) + d(r
2
2αV ) = d((1 + r
2
2)(λ+ dθ1 + dθ2)),
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where (r2, θ2) are polar coordinates of C. In fact, this line bundle is isomorphic to the
product bundle ΠV : V × C→ V by
ΨV : (V × S1)×ρ C→ V × C, [x, θ1, (r2, θ2)]→ (x, (r2, θ1 + θ2)).
Note that S1 acts on V × S1 by
(x, θ1) · θ = (x, θ1 + θ).
Letting ΩV = d((1 + r
2)(αV + dθ)) ∈ Ω2(V × C), since we have
Ψ∗V ((1 + r
2)(λ+ dθ)) = (1 + r22)(λ+ dθ1 + dθ2),
the map ΨV : ((V × S1)×ρ C, ωαV )→ (V ×C,ΩV ) is a symplectomorpshim.
Next, we discuss bundles over νM (H) ∼= P ×ρ¯D(δ). Let pν : P ×D(δ)→ P ×ρ¯D(δ) be
the natural projection, which is a principal S1-bundle with the connection 1-form
αν = (1− r21)α+ r21dθ1.
Composing ϕν with pν , we obtain the principal S
1-bundle ϕν ◦ pν : P × D(δ)→ νM (H)
with the same connection 1-form. Hence, the line bundle associated to ϕν ◦pν is given by
Πν : (P ×D(δ))×ρ C→ νM (H). Its total space is equipped with a symplectic structure
ωαν that lifts to the 2-form on (P × D(δ)) × C defined by
dαν + d(r
2
2dθ2) + d(r
2
2αν) = d((1 + r
2
2)(αν + dθ2)).(2.1)
We claim that one can glue two line bundles ΠV and Πν together symplectically, and
the resulting bundle forms the line bundle Π : L = (V × C) ∪ ((P × D(δ)) ×ρ C) → M
with c1(L) = −[ω/2π]. To check this claim, enlarge the tubular neighborhood νM (H)
slightly and take an extension ϕˆν : P ×ρ¯D2(δ′)→ H for some δ′ slightly greater than δ.
We think of the image ϕν(P ×ρ¯A(δ, δ′)) ⊂ V as a collar neighborhood of ∂V in V and set
νV (∂V ) = ϕν(P ×ρ¯A(δ, δ′)). Define a gluing map Φ : (P ×A(δ, δ′))×ρC→ νV (∂V )×C
of the bundles by
Φ([x, (r1, θ1), (r2, θ2)]) = (ϕν([x, (r1, θ1)]), (r2, θ1 + θ2)).
It is easy to check that Φ∗d((1+ r2)(λ+ dθ)) = d(1+ r22)(αν + dθ2) because ϕν
∗λ = (1−
r21)(α−dθ1), which implies that two bundles ΠV and Πν are glued together symplectically.
By construction, the curvature forms of the connections on ΠV and Πν are ω|V and
ω|νM (H), respectively. Therefore, c1(L) = −[ω/2π].
3. Lefschetz-Bott fibrations
3.1. Fibered Dehn twists. We first recall a Dehn twist in the lowest dimensional case.
Let T ∗S1 = R × S1 be the cotangent bundle with the canonical symplectic structure
ωcan = d(tdθ), where S
1 = R/Z and (t, θ) ∈ R × S1. Let S0 be the zero-section of the
bundle. The moment map Φ : T ∗S1 \ S0 → R, Φ(t, θ) = |t| defines the Hamiltonian
S1-action on T ∗S1 \ S0 given by
σϕ(t, θ) =
{
(t, θ + ϕ) (t > 0),
(t, θ − ϕ) (t < 0),
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for ϕ ∈ S1 and (t, θ) ∈ T ∗S1. Take a cut-off function g : R→ R with Supp(g) ⊂ (−∞, ǫ)
(for some ǫ > 0) such that g(s) = 1/2 for s near 0. Define the map τ : (T ∗S1, ωcan) →
(T ∗S1, ωcan), called a model Dehn twist, by
τ(t, θ) =
{
σg(|t|)(t, θ) if (t, θ) ∈ T ∗S1 \ S0,
(t, θ + 1/2) if (t, θ) ∈ S0.
By definition, it is compactly supported and a symplectic automorphism of (T ∗S1, ωcan).
Moreover, it is independent of the choice of g up to isotopy.
Let (B,ωB) be a symplectic manifold with [ωB/2π] ∈ H2(B;Z) and p : (P,α) →
(B,ωB) the Boothby-Wang bundle over (B,ωB). Considering the Hamiltonian S
1-action
on T ∗S1 defined by (t, θ) · ϕ = (t, θ + ϕ) for (t, θ) ∈ T ∗S1 and ϕ ∈ S1, we can associate
the T ∗S1-bundle P ×S1 T ∗S1 → B to p, where S1 acts on P × T ∗S1 by
(x, (t, θ)) · ϕ = (x · ϕ, (t, θ − ϕ)).
Equip the total space P ×S1 T ∗S1 with the symplectic structure ωP given by
ωP = p
∗ωB + d(tdθ) + d(tα).
Let us define a model fibered Dehn twist τP by
τP ([x, (t, θ)]) = [x, τ(t, θ)],
which is a compactly supported symplectic automorphism of (P ×S1 T ∗S1, ωP ).
Let (V, ω) be a Liouville domain whose boundary is the Boothby-Wang bundle p :
(P,α) → (B,ωB). We identify a collar neighborhood of ∂V with ((−ǫ′, 0] × P, d(etα)).
Since P is a codimension 1 submanifold of V , {pt} × P is a coisotropic submanifold of
(V, ω). By the tubular neighborhood theorem of coisotropic submanifolds [20, p.124],
a neighborhood ν of {−ǫ′/2} × P in V is symplectomorphic to a neighborhood ν ′ of
P ×S1 S0 in P ×S1 T ∗S1. Denoting this symplectomorphism by φ : ν → ν ′, we define
the map τ∂ : V → V by
τ∂ =
{
φ ◦ τP ◦ φ−1 on ν,
id on V \ ν,
where we choose τP whose support is contained in ν
′. The map τ∂ is a compactly
supported symplectic automorphism of (V, ω) and called a fibered Dehn twist along ∂V .
Remark 3.1. In general, a fibered Dehn twist can be defined for a spherically fibered
coisotropic submanifold of a symplectic manifold [25, 32]. A coisotropic submanifold C of
a symplectic manifold (M,ω) is said to be spherically fibered if C is a submanifold C ⊂M
of codimension c ≥ 1 such that: the null foliation of C is fibrating over a symplectic
manifold B with fiber a c-dimensional sphere Sc; the structure group of p : C → B is
equipped with a reduction to SO(c + 1), that is, a principal SO(c + 1)-bundle P → B
and a bundle isomorphism P ×SO(c+1) Sc ∼= C. For example, the above Boothby-Wang
bundle P = ∂V is a spherically fibered coisotropic submanifold of (V, ω).
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3.2. Preliminaries of symplectic Lefschetz-Bott fibrations. LetM be a 2n-dimensional
smooth manifold equipped with a closed 2-form Ω and an almost complex structure J .
Definition 3.2 ([25, 32]). Let N be an almost complex submanifold of (M,J). The
2-form Ω is said to be normally Ka¨hler near N if there exists a tubular neighborhood
νM (N) of N in M , foliated by normal slices {Dx ⊂ νM(N)}x∈N , such that J |TDx is
integrable and Ω|TDx is Ka¨hler for each x ∈ Dx.
Definition 3.3 ([25, 32]). A symplectic Lefschetz-Bott fibration (E, π,Ω, J, j) on E
consists of an even dimensional open manifold E with a closed 2-form Ω and a smooth
surjective map π : E → C with Crit(π) ⊂ E˚ and Critv(π) ⊂ C, where Crit(π) and
Critv(π) are the set of critical points of π and critical values of π, respectively; an
almost complex structure J defined in a neighborhood U ⊂ E of Crit(π); a positively
oriented complex structure j defined in a neighborhood V ⊂ D2 of Critv(π) satisfying
the following conditions:
(i) the restriction π|U : U → V is a (J, j)-map;
(ii) the critical point set Crit(π) is a smooth submanifold with finitely many con-
nected components;
(iii) the holomorphic normal Hessian D2πx|T⊗2Dx is non-degenerate at each point
x ∈ Crit(π), where Dx is a normal slice of a tubular neighborhood of Crit(π);
(iv) Ω|U is non-degenerate, compatible with J and normally Ka¨hler near Crit(π);
(v) Ω is non-degenerate on ker(Dπ) ⊂ TE.
If E is a compact manifold with boundary and codimension 2 corners, replace the range
of π by a closed 2-disk D2 with the standard orientation, and the tuple (E, π,Ω, J, j)
satisfies two more conditions:
(vi) the boundary ∂E consists of the vertical boundary ∂vE and the horizontal bound-
ary ∂hE meeting at the corner, where
∂vE = π
−1(∂D2) and ∂hE = ∪y∈D2∂(π−1(y)).
We require that if x lies in ∂hE, then (ker(Dπx))
Ω ⊂ Tx∂hE;
(vii) the map π restricts to a fibration on ∂vE, and on a neighborhood of ∂hE, π is
equivalent to the projection
νF (∂Ez)×D2 → D2,
with Ω identified with the split form ωf + π
∗ωb for some K > 0, where Ez is the
regular fiber of π over z, ωf = Ω|TEz and ωb is some symplectic form on D2.
For the sake of brevity, we often denote a symplectic Lefschetz-Bott fibration (E, π,Ω, J, j)
by π : (E,Ω)→ C or π : E → C. If dim(Crit(π)) = 0, a symplectic Lefschetz-Bott fibra-
tion π is a Lefschetz fibration.
Remark 3.4. Occasionally we focus on the topology of the total space of a symplectic
Lefschetz-Bott fibration. Then, we use an alternative notion to symplectic Lefschetz-
Bott fibration: A tuple (E, π,Ω, J, j) is a smooth Lefschetz-Bott fibration if E, π, J, j are
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the same as in Definition 3.3; Ω is a closed 2-form defined in a tubular neighborhood U
of Crit(π); the tuple satisfies the conditions from (i) to (iv) in Definition 3.3.
Next, we briefly review materials related to symplectic Lefschetz-Bott fibrations fol-
lowing [32, Section 2.1]. It suffices to think a symplectic Lefschetz-Bott fibration π :
(E,Ω) → D2 over a closed 2-disk because given a symplectic Lefschetz-Bott fibration
over C, one can take a disk D2 ⊂ C containing all its critical values. Moreover, with-
out loss of generality, we may assume that for each critical value, there exists only one
connected component of Crit(π).
Let us take a point z0 ∈ ∂D2 and let Critv(π) = {z1, . . . , zk}. Set (Ez,ΩEz) =
(π−1(z),Ω|π−1(z)). For any critical value z ∈ Critv(π), a vanishing path is an embedded
path γ : [0, 1] → D2 such that γ(0) = z0, γ(1) = z and γ−1(Critv(π)) = {1}. To each
such a path and the connected component B of Crit(π) in Eγ(1), one can associate a
smooth submanifold, called the vanishing thimble Tγ for γ, defined by
Tγ =
(
∪t∈[0,1){x ∈ Eγ(t) | lim
t0→1
Γγ|[t,t0](x) ∈ B}
)
∪B,
where Γγ|[t,t0] : Eγ(t) → Eγ(t0) is the parallel transport along the restricted curve γ| :
[t, t0]→ D2 determined by the canonical symplectic connection on π−1(γ([t, t0])). Each
intersection Tγ ∩ Eγ(t) is a coisotropic submanifold in (Eγ(t),ΩEγ(t)), and Cγ = Tγ ∩
Ez0=γ(0) is called the vanishing cycle for γ. In fact, this coisotropic submanifold is
spherically fibered ([32, Proposition 2.3]).
A distinguished basis of vanishing paths is an ordered collection of vanishing paths
(γ1, . . . , γk) each of which starts at z0 and ends at a critical value such that the following
condition holds:
• The path γj intersects γk only at z0 for j 6= k;
• Thinking of the tangent vectors γ′1(0), . . . , γ′k(0) as vectors in the upper half-
plane, they have a natural clockwise ordering.
Given a symplectic Lefschetz-Bott fibration π : (E,Ω) → D2 and a distinguished basis
(γ1, . . . , γk) of vanishing paths based at z0 ∈ ∂D2, we obtain a collection (Cγ1 , . . . , Cγk) of
spherically fibered coisotropic submanifolds in the fiber (Ez0 ,Ω|Ez0 ). Conversely, based
on [32, Theorem 2.13], one can show that given a symplectic manifold V and a collection
(C1, . . . , Ck) of spherically fibered coisotropic submanifolds in V , there is a symplectic
Lefschetz-Bott fibration π : E → D2 with fibers symplectomorphic to V such that a
collection of vanishing cycles with respect to some distinguished basis of vanishing paths
coincides with the given collection (cf. [30, Lemma 16.9]).
3.3. Fibrations on line bundles. Now we construct a symplectic Lefschetz-Bott fi-
bration on the total space of the line bundle Π : L → M constructed in Section 2.3.
Let us denote (P × D(δ)) ×ρ C by P (D(δ),C). Define maps πV : V × C → C and
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πν : P (D(δ),C)→ C by
πV (x, r, θ) = (r, θ),(3.1)
πν([x, (r1, θ1), (r2, θ2)]) = (µ(r1)r2, θ1 + θ2).(3.2)
Here µ : R → R is a smooth function such that µ(r) = r for r ≤ ǫ, µ(r) ≡ 1 for r
near δ and µ′(r) ≥ 0 at any point r, where ǫ > 0 is sufficiently small (Figure 1). Set
π = πV ∪ πν : L→ C, namely
π(p) =
{
πV (p) if p ∈ V × C,
πν(p) if p ∈ P (D(δ),C).
By definition, Crit(π) coincides with H0 = {[x, z1, z2] ∈ P (D(δ),C) | z1 = z2 = 0}, which
can be seen as the zero-section of the (D(δ) × C)-bundle P (D(δ),C)→ H.
Recall how to define a symplectic form on P (D(δ),C). The 2-form defined by (2.1)
descends to the symplectic form Ω0 on P (D(δ),C). Set
νǫ(H0) = {[x, z1, z2] ∈ P (D(δ),C) | |z1 |2 + |z2|2 ≤ ǫ} ⊂ P (D(δ),C).
Regarding νǫ(H0) as the total space of the bundle νǫ(H0) → H, we see that Ω0 does
not agree with the standard symplectic form on each fiber of this bundle. To obtain a
suitable symplectic form, we will deform the symplectic form Ω0. Pick a smooth function
u : R→ R such that u(s) ≡ 0 for s ≤ ǫ′, u(s) ≡ 1 for s ≥ ǫ′′ and u′(s) ≥ 0 at any point
s for some small ǫ′, ǫ′′ > 0 with ǫ < ǫ′ < ǫ′′ < 1 (Figure 2). Set
(3.3) f(r1, r2) = u(r
2
1 + r
2
2)
for (r1, r2) ∈ [0, δ) × [0,∞). Define Ω˜1 ∈ Ω2(P × D(δ) × C) by
Ω˜1 = d((1 + r
2
2)(dθ2 + α)) + d((1 + f(r1, r2)r
2
2)r
2
1(dθ1 − α)).
It is easy to see that Ω˜1 descends to a 2-form Ω1 on P (D(δ),C). Note that Ω1 = Ω0
outside νǫ′′(H0).
Lemma 3.5. Let Ω0 and Ω1 be 2-forms on P (D(δ),C) defined above. Then, Ω1 is a
symplectic form on P (D(δ),C). Moreover, there exists a symplectomorphism between
(P (D(δ),C),Ω0) and (P (D(δ),C),Ω1) supported in νǫ′′(H0).
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Proof. To show the first claim, it suffices to show the kernel of (Ω˜1)
n+1 is spanned by
∂θ1 − ∂θ2 +Rα. A direct computation show that
(Ω˜1)
n+1 = C(r1, r2)dr
2
1 ∧ (dθ1 − α) ∧ dr22 ∧ (dθ2 + α) ∧ (dα)n−1,
where C(r1, r2) = n(n+ 1)(1 − r21 + r22(1 − fr21))n−1(r21r22u′ + fr22 + 1) > 0. This shows
the claim.
Since
Ω0 − Ω1 = d((1 − f)r21r22(dθ1 − α)) =
{
d(r21r
2
2(dθ1 − α)) (r21 + r22 < ǫ′),
0 (r21 + r
2
2 > ǫ
′′),
the difference is an exact form and supported in νǫ′′(H0). Thus, a standard Moser type
argument shows the second claim (see [20, Theorem 3.2.4] for example). 
Lemma 3.6. Let Ω1 be the symplectic form on P (D(δ),C) defined above. Then, there
exists an almost complex structure J on P (D(δ),C) compatible with Ω1 such that H0 is
an almost complex submanifold of (νǫ(H0), J), and Ω1 is a normally Ka¨hler near H0.
Proof. We first construct a compatible almost complex structure defined in νǫ(H0). Let
Jα be a compatible almost complex structure on ker(α) ⊂ TP and gα a Riemannian
metric on P given by
(gα)x(u, v) = dαx(u, Jαv) + αx(u)αx(v)
for x ∈ P and u, v ∈ TxP . Since α and dα are S1-invariant, so is gα. Let g1 and g2 be
the standard Riemannian metrics on D(δ) and C, respectively. The Riemannian metric
gα + g1 + g2 on P × D(δ) × C is S1-invariant, and hence this induces a metric g on the
quotient space P (D(δ),C). The polar decomposition of (P (D(δ),C),Ω1) with respect
to the metric g yields an almost complex structure J on νǫ(H0). By construction, J is
compatible with Ω1, and H0 is an almost complex submanifold of (P (D(δ),C), J).
Next, we see that Ω1 is normally Ka¨hler near H0. The tubular neighborhood νǫ(H0)
is foliated by normal slices {Dx}[x,0,0]∈H0 , where
Dx = {[x, z1, z2] ∈ P (D(δ),C) | |z1|2 + |z2|2 < ǫ}.
By definition, the symplectic form Ω1 coincides with r1dr1∧dθ1+r2dr2∧dθ2 on each Dx,
which is the standard symplectic form on the disk. Moreover, by construction the almost
complex structure J |TDx is the standard complex structure, in particular integrable and
compatible with the symplectic form r1dr1 ∧ dθ1 + r2dr2 ∧ dθ2. This completes the
proof. 
Define a symplectic structure Ω on L to be
Ω|V×C = ΩV and Ω|P (D(δ),C) = Ω1.
Proof of Theorem 1.1. We show that the tuple (L, π,Ω, J, j0) is a symplectic Lefschetz-
Bott fibration. We choose νǫ(H0) and C as neighborhoods of Crit(π) and Critv(π),
respectively. Since Crit(π) = H0, the tuple satisfies the condition (ii) of Definition
3.3. By the construction of J in Lemma 3.6, it is easy to see that the tuple meets the
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condition (iv). Moreover, a straightforward computation shows that the tuple satisfies
(v). Thus, it suffices to show the (J, j0)-holomorphicity of π and the non-degeneracy of
its holomorphic normal Hessian at each point of H0.
On each normal slice Dx ⊂ νǫ(H0), we have µ(r1) = r1, and the map π can be written
as
w = π([x, z1, z2]) = z1z2
by using complex coordinates (z1, z2) of Dx and w of C. Note that these are compatible
with J and j0, respectively. Thus, π|Dx is (J, j0)-holomorphic, and in particular so is
the whole π because J preserves TDx and its orthogonal complement with respect to
the metric g constructed above. Furthermore, the holomorphic normal Hessian of π at
[x, 0, 0] ∈ H0 is given by (
0 1
1 0
)
,
which is non-degenerate. This finishes the proof. 
3.4. Fibrations with compact fibers. In the previous subsection, we saw that the
line bundle L admits a symplectic Lefschetz-Bott fibration π : L→ C. Here, cutting the
vertical and horizontal directions of the fibration, we show that a disk bundle associ-
ated to L admits a symplectic Lefschetz-Bott fibration over the unit closed disk D with
compact fibers.
First, we construct the total space of our new fibration. One can define its vertical
boundary by the preimage π−1(∂D) of the boundary of D. It suffices to define its
horizontal boundary. To do this, we will find a function h : P (D(δ),C) → R satisfying
that dh(v) = 0 for any v ∈ ker(D[x,z1,z2]πν)Ω. Note that V × C ⊂ L does not matter to
the horizontal boundary. A straightforward computation shows that
ker(D[x,z1,z2]πν)
∼= TpH(x)H ⊕ R〈µ∂r1 − µ′r2∂r2 , ∂θ1 − ∂θ2〉,
where zj = rje
2πiθj and pH : (P,α) → (H,ωH) is the Boothby-Wang bundle. It turns
out that its symplectic complement (ker(D[x,z1,z2]πν))
Ω is spanned by
2µ′r22∂θ1 +
(
µ
∂(r21 + fr
2
1r
2
2)
∂r1
− µ′r2∂(fr
2
1r
2
2)
∂r2
)
∂θ2 ,
∂(r22 − fr21r22)
∂r2
∂r1 +
∂(r21 + fr
2
1r
2
2)
∂r1
∂r2 ,
where f is the function (3.3). Now let us define h : P (D(δ),C)→ R as a desired function
by
h([x, (r1, θ1), (r2, θ2)]) = −r21 + r22 − f(r1, r2)r21r22.
It is actually a function of r1, r2 only, and we often write briefly h(r1, r2) for h([x, (r1, θ1), (r2, θ2)]).
We can see that there is a unique point (r1, r2) ∈ R≥0 × R≥0 such that h(r1, r2) = c2
and ρ(r1)r2 = s for a sufficiently large c > 0 and s ≤ 1. Set
Pc(D(δ),C) = {[x, (r1, θ1), (r2, θ2)] ∈ P (D(δ),C) | ρ(r1)r2 ≤ 1, h(r1, r2) ≤ c2},
Ec = (V × D) ∪ Pc(D(δ),C).
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z1 (base of L, i.e., M)
z2 (fiber of L)
0
(H)
ǫ δπ−1(s)
π−1(2s)
π−1(s)
π−1(2s)
h = c2
h = c2
c
−c
h = 0
h = 0
2s
s/ǫ
2s/ǫ
s
Figure 3. Schematic picture of πν,c. The thick black curves represent
the fibers over s and 2s. The red one represents Σ, and the green ones
represent part of the horizontal boundary of Ec.
The glued manifold Ec is diffeomorphic to a disk bundle overM associated to Π : L→M
by construction. We also note that the fibers of the restriction πν |Pc(D(δ),C) are compact,
and in particular its regular fibers are diffeomorphic to [0, 1] × P . Thus, the map π :
L→ C induces the desired map πc = π|Ec : Ec → D with compact fibers.
This πc satisfies all conditions but (vii) in Definition 3.3. Thus, following the argument
of [29, Lemma 1.10], we next deform the symplectic structure Ω on Ec so that it meets
the remaining condition. More precisely speaking, we will analyze the monodromy of
πc along a loop in D by a direct computation and deform Ω so that the monodromy is
compactly supported, which implies the horizontal triviality of πc.
Since πV is a trivial fibration, we only need to consider πν,c := πν |Ec . Set Σ = h−1(0),
which can be also written as
Σ = H0 ∪ (∪z∈D\{0}{p ∈ π−1c (z) | lim
t0→1
Γγz |[0,t0]
(p) ∈ H0}),
where H0 = {[x, z1, z2] ∈ Pc(D(δ),C) | z1 = z2 = 0} ∼= H and Γγz |[0,t0] denotes the
parallel transport along the restriction of the path γz : [0, 1] → D, γz(t) = (1 − t)z
(cf. Figure 3). Since Crit(πc) = H0 and h is constant horizontally, one can trivialize
Pc(D(δ),C) \ Σ symplectically via parallel transport in radial direction. Fix the identi-
fication ψ : P ×S1 (([−δ2, 0) ∪ (0, c2])× S1)→ π−1ν,c (0) \Σ given by
ψ : [x, (t, θ)] 7→
{
[x, 0, (
√
t,−θ)] (t > 0),
[x, (
√−t, θ), 0] (t < 0).
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Note that ([−δ2, 0) ∪ (0, c2]) × S1 is a subset of T ∗S1 \ S0 ∼= (R \ {0}) × S1. We also
remark that π−1ν,c (0) \ Σ consists of the following two parts:
{[x, 0, (r2, θ2)] ∈ Pc(D(δ),C) | 0 < r2 ≤ c}, {[x, (r1, θ1), 0] ∈ Pc(D(δ),C) | 0 < r1 ≤ δ}.
Lifting the ray γθ(s) = se
2πiθ with respect to the symplectic connection, we obtain the
trivialization Ψ of Pc(D(δ),C) \ Σ as follows:
Ψ : (P ×S1 (([−δ2, 0) ∪ (0, c2])× S1))× C→ Pc(D(δ),C) \ Σ,
Ψ([x, (t, θ)], (s, ϕ)) =
{
[x, (r1(s, t), ϕ+ θ), (r2(s, t),−θ)] (t > 0),
[x, (r1(s, t), θ), (r2(s, t), ϕ− θ)] (t < 0),
where by definition (r1(s, t), r2(s, t)) is the solution of the following initial value problem
derived from lifting γθ:
dr1
ds =
∂h
∂r2
r2
∂h
∂r2
−µ(r1)
∂h
∂r1
, dr2ds =
− ∂h
∂r1
r2
∂h
∂r2
−µ(r1)
∂h
∂r1
,(3.4)
(r1(0, t), r2(0, t)) =
{
(0,
√
t) (t > 0),
(
√−t, 0) (t < 0).
If we restrict Ψ to the fiber over a point s > 0, it extends to a diffeomorphism ψs between
P ×S1 ([−δ2, c2]× S1) and the whole fiber π−1ν,c (s). Recall from the previous subsection
that the symplectic structure Ω|Pc(D(δ),C) is given by
d((1 + r22)(dθ2 + α) + (r
2
1 + f(r1, r2)r
2
1r
2
2)(dθ1 − α)).
Let us denote this primitive 1-form on Pc(D(δ),C) \ Σ by λν . Note that Ω is exact on
Pc(D(δ),C) \Σ but never on Pc(D(δ),C). A straightforward computation yields
Ψ∗(λν) = (1 + |t|)(α− dθ)− R˜s(t) ∧ dθ,
R˜s(t) =
{
−r22(s, t) + t (t > 0),
−r22(s, t)− 1 (t < 0).
Let s0 > 0 be sufficiently small and ℓs0 : [0, 1] → D the loop defined by ℓs0(t) = s0e2πit.
The monodromy of πc along this loop is the conjugation ψs0 ◦ τ˜ ◦ ψ−1s0 of the symplectic
automorphism τ˜ of P ×S1 (([−δ2, c2 ])× S1) defined by
τ˜ : [x, (t, θ)] 7→ [x, (t, θ + R˜′s0(t))].
Observe the behavior of R˜′s0(t). If limt→±0 R˜
′
s0(t) = ±1/2 and R˜′s0(t) = 0 for t near −δ2
and c2, then τ˜ would be a fibered Dehn twist. First, consider R˜′s0(t) near t = 0. Since s0
is sufficiently small, we may assume by definition that f(r1, r2) = 0, h(r1, r2) = −r21+ r22
and µ(r1) = r1 for small s and |t|. This reduces the equations (3.4) to
dr1
ds
=
r2
r21 + r
2
2
,
dr2
ds
=
r1
r21 + r
2
2
.
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Solving the initial value problem, we have
(r1(s, t), r2(s, t)) =


(
u(s,t)1/2+u(s,t)−1/2
2
√
t, u(s,t)
1/2−u(s,t)−1/2
2
√
t
)
(t > 0),(
u(s,t)1/2−u(s,t)−1/2
2
√−t, u(s,t)1/2+u(s,t)−1/22
√−t
)
(t < 0),
where u(s, t) = 2s|t|−1 +
√
4s2|t|−2 + 1. It can be seen directly that
lim
t→+0
R˜′s0(t) = 1/2, limt→−0
R˜′s0(t) = −1/2.
Next, let us look at R˜′s0(t) for t near −δ2. Since r1(s0, t) is close to δ in this case, we may
assume that µ(r1(s0, t)) ≡ 1. We have s0 = µ(r1(s0, t))r2(s0, t) = r2(s0, t), and it follows
that R˜′s0(t) = 0 for t near −δ2. What is left is to see R˜′s0(t) for t near c2. As the constant
c is sufficiently large, we may assume that f(r1, r2) = 1 and h(r1, r2) = −r21 + r22 − r21r22.
Thus, the initial value problem (3.4) is reduced to
dr1
ds
=
r2(1− r21)
r21 + r
2
2
,
dr2
ds
=
r1(1 + r
2
2)
r21 + r
2
2
, (r1(0, t), r2(0, t)) = (0,
√
t).
A direct computation using Mathematica gives the solution
r1(s, t) =
√
−|t| − s2 +
√
t2 + 4s2 + 2|t|s2 + s4
√
2
,
r2(s, t) =
√
−|t|+ s2 −
√
t2 + 4s2 + 2|t|s2 + s4√
−2− |t| − s2 +
√
t2 + 4s2 + 2|t|s2 + s4
.
We see that R˜′s(t)→ 0 as t→ +∞, but R˜′s(t) > 0 for any t. Therefore, this implies that
the monodromy of πc along γθ is not compactly supported.
To obtain a compactly supported monodromy, choose a cutoff function σ ∈ C∞(R>0,R)
such that σ′(t) ≥ 0 for every t, σ(t) = 0 for small t and σ(t) = 1 for t close to c2. Take
a 1-form γ on Pc(D(δ),C) such that
Φ∗γ = σ(t)R˜s(t)dθ.
Set λν,c = λν + γ and Ωc = Ω + dγ. It is easy to check that λν,c agrees with λν near
the boundary of each fiber of πν,c, and Ωc coincides with Ω on each fiber of πc. The
monodromy of πν,c along the loop ℓs0 is given by ψs0 ◦ τ ◦ ψ−1s0 , where τ is the extension
of the automorphism given by
[x, (t, θ)] 7→ [x, (t, θ + {(1 − σ(t))R˜s0(t)}′)].
By the choice of σ, this is compactly supported and a fibered Dehn twist along the
boundary of π−1c (s0). The monodromy along a loop in D is well-defined up to symplectic
isotopy independently of the choice of the representative of the homotopy class of the
loop. Moreover, if one changes the base point of the loop, this contributes to only a
conjugation of the initial monodromy.
Since σ(t) = 0 for small t and Ωc|νǫ(H0) = Ωνǫ(H0), the almost complex structure J
on νǫ(H0) constructed in Lemma 3.6 and j0 on D satisfy the conditions of a symplectic
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Lefschetz-Bott fibration. As for the triviality of the horizontal boundary, in the pull-back
2-form
Ψ∗(λν,c) = (1 + |t|)(α − dθ)− (1− σ(t))R˜s(t) ∧ dθ,
the second term on the right-hand side vanishes close to P ×S1 ({−δ2, c2} × S1), which
concludes that Ψ provides a trivialization of near ∂hEc. Therefore, (Ec, πc,Ωc, J, j0) is a
symplectic Lefschetz-Bott fibration over D.
We summarize the above discussion as follows.
Proposition 3.7. The tuple (Ec, πc,Ωc, J, j0) constructed above is a symplectic Lefschetz-
Bott fibration over D. Its monodromy along a small loop centered at the origin is a fibered
Dehn twist along the boundary of the reference fiber.
3.5. Examples.
Example 3.8 (Hypersurface singularity). Consider the projective hypersurface Md ⊂
CPn+1 degree d defined by
Md =

[z0 : . . . : zn+1] ∈ CPn+1
∣∣∣∣∣∣
n+1∑
j=0
zdj = 0

 .
Let us denote by ωFS the Fubini-Study form on CP
n+1. Here, we take this form so that
the cohomology class [ωFS/2π] is Poincare´ dual to the homology class of a hyperplane
h in CPn+1. The pull-back ωd of ωFS by the canonical inclusion map i : Md →֒ CPn+1
is a symplectic form on Md. Since the preimage i
−1(h) can be seen as the hypersurface
in Md given by
Hd = {[z0 : . . . : zn+1] ∈Md | zn+1 = 0},
we have [ωd/2π] = PD([Hd]). Thus, by Theorem 1.1, a line bundle Ld → (Md, ωd) with
c1(Ld) = −[ωd/2π] admits a symplectic Lefschetz-Bott fibration π : Ld → C.
The total space Ld of this line bundle has a singular theoretical meaning. Consider
the affine hypersurface in Cn+2 given by
Xd =

(x0, . . . , xn+1) ∈ Cn+2
∣∣∣∣∣∣
n+1∑
j=0
xdj = 0

 ,
which has a unique singularity at the origin. Let C˜n+2 = {(ℓ, z) ∈ CPn+1×Cn+2 | z ∈ ℓ},
and σ : C˜n+2 → CPn+1, τ : C˜n+2 → Cn+2 the projections to the first and second factors,
respectively. Note that σ is the tautological line bundle O(−1) → CPn+1, and τ is the
blow-up of the origin. The map σ restricts to the line budle σ| : O(−1)|Md → Md ⊂
CPn+1, and in fact O(−1)|Md is isomorphic to Ld. On the other hand, τ defines the
restriction τ | : Ld → Xd:
Ld ∼= O(−1)|Md
τ |
//
σ|

Xd
Md
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It turns out that τ | contracts the zero-section of the bundle σ| to the singular point of
Xn+1d . This shows that Ld is a resolution of the singularity whose exceptional set is Md.
Next we discuss a monodromy of a symplectic Lefschetz-Bott fibration πc : Ed,c → D
with compact fibers obtained from π : Ld → C as in Section 3.4. As we saw there,
the monodromy of πc along ∂D is a fibered Dehn twist along the boundary of the fiber
π−1c (1). We will see below that π
−1
c (1) is diffeomorphic to the affine hypersurface Vd(δ0)
given by
Vd(δ0) =

(x0, . . . , xn) ∈ Cn+1
∣∣∣∣∣∣
n∑
j=0
xdj = 1

 ∩


n∑
j=0
|xj |2 ≤ δ20

 .
The following is known.
Theorem 3.9 ([1, Theorem 1.1]). Let ω0 be a symplectic form on Vd(δ0) induced by the
standard symplectic form on Cn+1 Then, a fibered Dehn twist along the boundary ∂Vd(δ0)
is symplectically isotopic to a product of d(d− 1)n Dehn twists in Sympc(Vd(δ0), ω0).
In our case, the symplectic structure on Vd(δ0) is different from the standard one ω0.
We will show, however, that the above relation between a fibered Dehn twist and Dehn
twists also holds under our symplectic structure.
Let us specify our fiber (F = π−1c (1), ωF = Ω|F ). In general, for a given closed
symplectic manifold (M,ω) with [ω/2π] = PD[H], the fiber (F, ωF ) is symplectomorphic
to
(3.5) (V, 2ω|V = 2dλ) ∪ ([0, c0]× ∂V, 2d(etλ|∂V )),
where V = M \ ν˚M (H) and c0 is some constant determined by the condition h = c2 in
Section 3.4. In our case, (M,ω) is (Md, ωd), and V is
(Md \ {zn+1 = 0}) ∩


n∑
j=0
|zj/zn|2 ≤ δ20

 ∼= V nd (δ0)
for some δ0. According to the discussion of [4, Section 7], we may take
λd = −dC log

 n∑
j=0
|zj |2 + 1

 = −dC log(‖z‖2 + 1)
on V nd (δ0) as the primitive 1-form λ in (3.5), where d
C = d◦J0. This λd is different from
the standard Liouville form on V nd (δ0). However, we conclude as follows.
Proposition 3.10. Let (F, ωF ) be the fiber π
−1
c (1) as above. A fibered Dehn twist along
the boundary ∂F is isotopic to a product of Dehn twists in Sympc(F, ωF ).
To prove this, we need the following lemma.
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Lemma 3.11. Let (V, ω = dλ) be an exact symplectic manifold with convex boundary.
For an arbitrarily positive number a > 0, set
(Va, ωa) = (V, ω) ∪ ([0, a] × ∂V, d(−et(λ|∂V )),
where t ∈ [0, a]. Then, Sympc(V, ω) is homotopy equivalent to Sympc(Va, ωa).
Proof. The following argument is essentially the first half of the proof of [13, Proposition
2.1]. Let Φt be the flow of the Liouville vector field X of λa on Va. Define a map
La : Sympc(V, dλ)→ Sympc(Va, ωa) by La(ϕ) = Φ−a ◦ϕ◦Φa. The inclusion ιa : V →֒ Va
induces the inclusion ιSa : Sympc(V, dλ) →֒ Sympc(Va, ωa). The map La is a homotopy
inverse for ιSa . 
Proof of Proposition 3.10. First, we prove that π0(Sympc(F, ωF ))
∼= π0(Sympc(V nd (δ0), dλst)).
Set λlog = −dC log(‖z‖2 + 1) and ωlog = dλlog. By Lemma 3.11, Sympc(F, ωF ) is ho-
motopy equivalent to Sympc(V
n
d (δ0), ωlog). Let (Vˆ
n
d (δ0), ωˆlog) be the symplectic com-
pletion of (V nd (δ0), ωlog). By [13, Lemma 2.2], this completion is symplectomorphic to
(Xnd (1), ω0), where
Xnd (1) =

(x0, . . . , xn) ∈ Cn+1
∣∣∣∣∣∣
n∑
j=0
xdj = 1

 .
Moreover, according to [13, Proposition 2.1], the inclusion maps Sympc(V
n
d (δ0), ωlog) →֒
Sympc(Vˆ
n
d (δ0), ωˆlog) and Sympc(V
n
d (δ0), ω0) →֒ Sympc(Xnd (1), ω0) are weakly homotopy
equivalences. Therefore, we conclude that
π0(Sympc(F, ωF ))
∼= π0(Sympc(V nd (δ0), ωlog)) ∼= π0(Sympc(Vˆ nd (δ0), ωˆlog))
∼= π0(Sympc(Xnd (1), ω0)) ∼= π0(Sympc(V nd (δ0), ω0)).
It can be checked that each isomorphism above assigns a (fibered) Dehn twist to each
(fibered) Dehn twist. Combining this and Theorem 3.9 completes the proposition. 
Remark 3.12. One can interpret the above relation from the point of view of symplectic
fillings of the link of the singularity 0 ∈ Xn+1d as follows. As Acu and Avdeck pointed
out in [1], the product of Dehn twists comes from a Lefschetz fibration on a smoothing
of the singularity, i.e., a Milnor fiber of the singularity. It serves as a Stein filling of
the link of the singularity. The fibered Dehn twist is obtained as the monodromy of a
Lefschetz-Bott fibration πc : Ed,c → D on a resolution of the singularity along ∂D. After
smoothing corners of Ed,c (see Appendix A), it serves as a strong symplectic filling of a
contact manifold supported by the induced open book, in fact which is contactomorphic
to the link of the singularity. Thus, the mapping class relation is related to two fillings
of the link of the singularity. This interpretation will play an important role in Section
4 below.
Example 3.13 (Cyclic quotient singularity). Consider (CPn,mωFS) and its hypersur-
face Hn−1m given by 
[z0 : . . . : zn] ∈ CPn
∣∣∣∣∣∣
n∑
j=0
zmj = 0

 .
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Since [Hn−1m ] = m[h] ∈ Hn−2(CPn;Z) for a hyperplane h ⊂ CPn, we have [mωFS/2π] =
PD[Hn−1m ]. Therefore, by Theorem 1.1, a line bundle Lm → (CPn,mωFS) with c1(Lm) =
−[mωFS/2π] admits a symplectic Lefschetz-Bott fibration. Note that this line bundle is
isomorphic to the line bundle O(−m)→ CPn of degree −m, where
O(−m) = O(−1)⊗m = {(ℓ, x1 ⊗ · · · ⊗ xm) ∈ CPn × (Cn+1)⊗m | x1, . . . , xm ∈ ℓ}.
Similar to the previous example, this line bundle has a singular theoretical meaning.
Let τ : O(−1) → Cn+1 and σ : O(−1) → CPn be the projections as in the previous
example. Let us denote by σm : O(−m) → CPn the projection to the first factor.
Considering the projection O(−m)→ (Cn+1)⊗m to the second factor, its image is iden-
tified with the quotient space Cn+1/Gm derived from the diagonal action of the group
Gm = {ξ ∈ C | ξm = 1} on Cn+1. Write τm : O(−m) → Cn+1/Gm for this projection.
We obtain the following commutative diagram:
O(−1)
σ
xxqq
q
q
q
q
q
q
q
q
q
τ //
q˜

Cn+1
q

CPn Lm ∼= O(−m)σmoo τm // Cn+1/Gm,
where q˜ : O(−1) → O(−m) and q : Cn+1 → Cn+1/Gm are the natural projections. The
quotient map q yields a singularity at the origin [0] ∈ Cn+1/Gm, which is a so-called
cyclic quotient singularity. Thus, the total space of our line bundle Lm ∼= O(−m) can
be regarded as a resolution of the singularity.
Remark 3.14. The link of this singularity is a so-called lens space of dimension 2n+1.
It is known that if n ≥ 2, the singularity is not smoothable [28]. Moreover, as discussed
in [12, Section 6.2], [27, Corollary 4.8] and [5, Example 6.5], the link bounds no (2n+2)-
dimensional manifold which is decomposed into handles of indices≤ n+1. Thus, Milnor’s
topological characterization of Stein domains [21] shows that any contact structure on
the link of dimension 2n+ 1 ≥ 5 is never Stein fillable.
4. Ak-type singularities and Lefschetz-Bott fibrations
4.1. Fillings of the link of the Ak-type singularity. Let (M, ξ) be a closed contact
manifold. A strong symplectic filling of (M, ξ) is a compact symplectic manifold (W,ω)
with ∂W =M such that there exists a Liouville vector fieldX defined near ∂W , pointing
outwards along ∂W , and satisfying ξ = ker(iXω|TM ) (as cooriented contact structure).
Consider the complex polynomial
f(x0, . . . , xn+1) = x
2
0 + · · ·+ x2n + xk+1n+1
and set
Vk = {x ∈ Cn+2 | f(x) = 0}, Σk = Vk ∩ S2n+3.
The variety Vk has a unique singularity at the origin. This is called the Ak-type singu-
larity, and Σk is called the link of the singularity. The link inherits a canonical contact
structure from the standard contact sphere S2n+3. We often denote this contact manifold
just by Σk omitting the contact structure from the notation.
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In this subsection, we construct more than one strong symplectic filling of Σk using
symplectic Lefschetz-Bott fibrations over a disk. Such a fibration can be written topo-
logically as the fiber sum of smooth Lefschetz-Bott fibrations with a single singular fiber.
For given smooth Lefschetz-Bott fibrations πj : Ej → D2 (j = 1, 2) with the fibers dif-
feomorphic to F , the fiber sum E1#fE2 is defined as follows: Take zj ∈ ∂D2 (j = 1, 2)
and set Fj = π
−1
j (zj). Take tubular neighborhoods ν(Fj) of these fibers in the vertical
boundaries ∂vEj so that they are diffeomorphic to [−ǫ, ǫ] × F for some small ǫ > 0.
Using a fiber-preserving diffeomorphism of ν(Fj), we can glue Ej together along ν(Fj)
and construct a new manifold E1#fE2, which admits a smooth Lefschetz-Bott fibration
π : E1#fE2 → D2♮D2 ∼= D2, where ♮ denotes a boundary connected sum. The next
lemma follows from this construction immediately.
Lemma 4.1. Let πj : Ej → D2 (j = 1, 2) be smooth (or symplectic) Lefschetz-Bott
fibrations with the regular fibers diffeomorphic to F . Then, we have χ(E1#fE2) =
χ(E1) + χ(E2)− χ(F ).
Proposition 4.2. The contact manifold Σk has at least ⌈k/2⌉ strong symplectic fillings
up to homotopy, where ⌈ · ⌉ denotes the ceiling function.
Proof. Let DT ∗Sn be a disk cotangent bundle over the sphere Sn. This bundle can be
considered as the complement of a neigborhood of an (n−1)-dimensional smooth quadric
Qn−1 in an n-dimensional smooth quadric Qn ⊂ CPn+1. Hence we equip DT ∗Sn with a
symplectic structure ω derived from restricting the Fubini-Study form on Qn−1, where
ω can be written explicitly as
ω = −ddC log

 n∑
j=0
|zj |2 + 1

 .
Let λ = −dC log(∑nj=0 |zj |2 + 1) and S0 the zero-section of DT ∗Sn, and consider the
open book (DT ∗Sn, λ; τk+1S0 ). Then, according to [6, Theorem 6.5], the contact man-
ifold OB(DT ∗Sn, λ; τk+1S0 ) is contactomorphic to the Boothby-Wang orbibundle over a
symplectic orbifold. In fact, it is contactomorphic to the link Σk.
To construct strong symplectic fillings of Σk, for ℓ = 1, · · · , ⌈k/2⌉ consider a symplectic
Lefschetz-Bott fibration whose fibers are (DT ∗Sn, λ) and whose collection of vanishing
cycles are
(∂DT ∗Sn, . . . , ∂DT ∗Sn︸ ︷︷ ︸
ℓ
, S0, . . . , S0︸ ︷︷ ︸
k+1−2ℓ
).
Let us denote by Xℓ the symplectic manifold associated to the fibration. Since the
fibered Dehn twist τ∂ along ∂DT
∗Sn is symplectically isotopic to τ2S0 , the monodromy
of the open book induced by each fibration is symplectically isotopic to τk+1S0 . Therefore,
Xℓ is a strong symplectic filling of Σk.
Now we shall compute the Euler characteristic χ(Xℓ) to distinguish our fillings. Let
E1 (resp. E2) be the total space of a symplectic Lefschetz-Bott fibration whose fibers are
(DT ∗Sn, ω) and whose monodromy is τ∂ (resp. τS0). Note that E1 is diffeomorphic to a
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disk bundle over a quadric Qn, and E2 is diffeomorphic to a (2n + 2)-dimensional disk.
Moreover, it is known that χ(E2) = χ(Q
n) = ((−1)n+1 − 1)/2 + n + 1 (see [8, Exercise
5.3.7 (i)]). Since Xℓ can be regarded as the fiber sum of ℓ copies of E1 and k + 1 − 2ℓ
copies of E2, applying Lemma 4.1 repeatedly, we have
χ(Xℓ) = ℓ · χ(E1) + (k + 1− 2ℓ) · χ(E2)− (k − ℓ) · χ(DT ∗Sn)
= {1− 2χ(Qn) + χ(Sn)}ℓ+ (k + 1) · χ(Qn)− k · χ(Sn)
= {3 + 2(−1)n − 2(n + 1)}ℓ+ (k + 1) · χ(Qn)− k · χ(Sn).
Since 3 + 2(−1)n − 2(n + 1) = −2n + 1 + 2(−1)n 6= 0, χ(Xℓ) is a linear function of ℓ,
which shows that Xℓ’s are mutually non-homotopic. 
Remark 4.3. In the above proof, E1 is diffeomorphic to the total space of a disk bundle
over Qn, and E2#fE2 is diffeomorphic to the one of a disk cotangent bundle of S
n+1. In
the light of Example 3.8, they are a resolution and a smoothing of the A1-type singularity,
respectively. Hence, we conclude that our strong symplectic fillings of Σk are obtained
by switching successively these two spaces originated from the singularity. Smith and
Thomas introduced a symplectic model of this operation in [31, Section 3].
4.2. Resolution of the Ak-type singularity. To interpret Proposition 4.2 from the
singular theoretical view point in the next subsection, here we review a resolution of the
Ak-type singularity.
Let Vk be the variety defined by the polynomial f as above. Set X0 = C
n+1 and
V
(0)
k = Vk. Consider the blow-up τ˜1 : X1
∼= O(−1)→ X0 of X0 at 0 and let V (1)k denote
the proper transform of V
(0)
k . Here,
X1 = {(x, [z]) ∈ Cn+1 × CPn | xizj − xjzi = 0 for any i, j}.
Letting U1,j = {(x, [z]) ∈ X1 | zj 6= 0}, we have X1 = ∪jU1,j . On each U1,j , we take the
coordinate function ϕ1,j = (y0, . . . , yn) defined by
yi =
{
zi/zj (i 6= j),
xj (i = j).
Then, the preimage τ˜−11 (V
(0)
k ) is given by the following equations:
y2j (y
2
0 + · · · + y2j−1 + 1 + y2j+1 + · · ·+ yk−1j yk+1n ) = 0 on U1,j (j 6= n),
y2n(y
2
0 + · · · y2n−1 + yk−1n ) = 0 on U1,n.
Since the points of ϕ1,j(U1,j) ⊂ Cn+1 with yj = 0 correspond to points of the exceptional
set E1 = {(0, [z]) ∈ X1} of τ˜1, the proper transform V (1)k is given by
y20 + · · ·+ y2j−1 + 1 + y2j+1 + · · ·+ yk−1j yk+1n = 0 on U1,j (j 6= n),
y20 + · · ·+ y2n−1 + yk−1n = 0 on U1,n,(4.1)
which is equivalent to the set
V
(1)
k = {(x, [z]) ∈ X1 | z20 + · · ·+ z2n−1 + xk−1n z2n = 0}.
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If k = 1, 2, V
(1)
k is non-singular. In the case k > 2, it has a unique singularity at
p1 = (0, [0 : . . . : 0 : 1]) ∈ V (1)k . On U1,n, the defining equation of V (1)k is given by the
equation (4.1), and it turns out that the singularity is nothing but of type Ak−2. Thus,
we can resolve the singularity by taking the blow-up τ2 : V
(2)
k → V (1)k of V (1)k at the
singularity as we did above. Thus, by induction on k, we conclude that the procedure
of ⌈k/2⌉ times successive blowing up resolves the initial Ak-type singularity. where ⌈ · ⌉
denotes the ceiling function.
4.3. Lefschetz-Bott fibrations and blowing up. Let Vk be the variety {f = 0} as
above and τ : V˜k → Vk the restriction of the blow-up at 0 ∈ Cn+2. Although the resulting
space V˜k still has a singularity in general, we can smooth it and denote its smoothing
by V˜k,ǫ. As a model of this smoothing, we take the union of the following two spaces:
U := {((x0, . . . , xn, 0), [z0 : . . . : zn : 0]) ∈ V˜k | z20 + · · ·+ z2n = 0} ⊂ Cn+2 × CPn+1,
Wǫ = ϕ
−1
1,n+1({(y0, . . . , yn+1) ∈ Cn+2 | y20 + · · ·+ y2n−1 + yk−1n+1 = ǫρ(‖y‖2)}),
where ρ : R≥0 → R is a smooth, monotonically increasing function such that ρ(t) ≡ 1 for
t < ǫ and ρ(t) ≡ 0 for t > 1. Note that U is the total space of a line bundle over Qn−1
and in particular smooth. According to [14, Proposition 2.3], Wǫ is smooth, and so is
V˜k,ǫ. It is well known that Vk,ǫ = {x ∈ Cn+2 | f(x) = ǫ} admits a Lefschetz fibration
π : Vk,ǫ → C defined by the projection to the last coordinate:
π(x0, . . . , xn+1) = xn+1.
The collection of its vanishing cycles is given by (k + 1)-tuple (S0, . . . , S0) of the zero-
section of the cotangent bundle of Sn with respect to some distinguished basis. To
state the following lemma and proposition, we recall one notion. Let πi : Ei → C
(i = 1, 2) be smooth Lefschetz-Bott fibrations and (Ci,1, . . . , Ci,ki) (i = 1, 2) the ordered
collections of vanishing cycles of πi for some distinguished basis. The two fibrations
are said to be related by a monodromy substitution if there exists an integer j0 with
1 ≤ j0 ≤ min{k1, k2} such that C1,j = C2,j for any j < j0, and τC1,j0 ◦ τC1,j0+1 · · · ◦ τC1,k1
and τC2,j0 ◦ τC2,j0+1 ◦ · · · ◦ τC2,k2 are smoothly isotopic. Note that the products τC1,1 ◦
τC1,2 ◦ · · · ◦ τC1,k1 and τC2,1 ◦ τC2,2 ◦ · · · ◦ τC2,k2 are smoothly isotopic.
Lemma 4.4. The smoothing V˜k,ǫ admits a smooth Lefschetz-Bott fibration that is related
to π by a monodromy substitution.
Proof. Define a map π˜ : V˜k,ǫ → C by
π˜((x0, . . . , xn+1), [z0 : . . . : zn+1]) = xn+1.
On Wǫ, the map π˜ restricts to a Lefschetz fibration. To see this, consider
π˜ ◦ ϕ−11,n+1 : ϕ1,n+1(Wǫ)→ C, (y0, · · · , yn+1) 7→ yn+1.
By the definition of Wǫ, we see that this map is a smooth Lefschetz fibration, which is
similar to π.
A straightforward computation using local coordinates shows that on a neighborhood
of U , π˜ is a smooth Lefschetz-Bott fibration whose critical point set is {x = 0} ⊂ U ,
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isomorphic to a quadric. It turns out that the monodromy sequence of π˜ with respect
to some distinguished basis is given by
(τS0 , . . . , τS0 , τ∂)
that consists of k − 1 Dehn twists along the zero-section of T ∗Sn and a fibered Dehn
twist. The automorphism τ∂ is symplectically, in particular smoothly isotopic to τS0◦τS0 ,
which completes the proof. 
Proposition 4.5. A resolution of the Ak-type singularity admits a smooth Lefschetz-
Bott fibration which are related to the Lefschetz fibration π on a Milnor fiber of the
Ak-type singularity by a sequence of monodromy substitutions.
Proof. As we saw in the previous subsection, a resolution of the Ak-type singularity is
obtained by a sequence of successive blow-ups:
V
(⌈k/2⌉)
k
τ⌈k/2⌉−−−−→ V (⌈k/2⌉−1)k
τ⌈k/2⌉−1−−−−−→ · · · τ1−→ V (0)k = Vk.
Here, each τj is the blow-up at the Ak−2(j−1)-type singularity in V
(j−1)
k . Applying
Lemma 4.4 to each blow-up τj : V
(j)
k → V (j−1)k , we show that the smoothing V (j)k,ǫ admits
a smooth Lefschetz-Bott fibration that is related to one on V
(j−1)
k,ǫ . Therefore, inductively
we conclude the proposition. 
Appendix A. Lefschetz-Bott fibrations and fillings of contact manifolds
In this appendix, we show that the total space of a symplectic Lefschetz-Bott fibration
over the unit disk D serves as a strong symplectic filling of a contact manifold supported
by an open book induced by the fibration. To prove this, we mainly follow a recent
paper of Lisi, Van Horn-Morris and Wendl [18] where they discussed a relation between
4-dimensional Lefschetz fibrations and various symplectic fillings of contact 3-manifolds.
A.1. Open books. Let V be a 2n-dimensional compact smooth manifold with boundary
equipped with an exact symplectic form ω = dλ such that the Liouville vector field of
λ is transverse to ∂V and points outwards along ∂V . Then, the symplectic manifold
(V, dλ) is called a Liouville domain.
Definition A.1. An abstract open book (V, λ;φ) consists of a Liouville domain (V, dλ)
and its compactly supported symplectomorphism φ ∈ Sympc(V, dλ).
Let us review that an abstract open book (V, λ;φ) provides a contact manifold. Accord-
ing to [15, Section 7.3], the symplectomorphism φ is assumed to be compactly supported
and exact, i.e., φ∗λ − λ = dH for some positive function H ([15, Lemma 7.3.4]). Note
that since φ is compactly supported, H is constant near ∂V . We assume H = 2π near
∂V . Define the mapping cylinder VH(φ) by
VH(φ) = (V × R)/(φ(x), ϕ +H(x)) ∼ (x, ϕ).
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Let D2(a) = {z ∈ C | |z| ≤ a} and A(a, b) = {z ∈ C | a ≤ |z| ≤ b}. Identifying a collar
neighborhood of ∂VH(φ) with [−ǫ, 0]× ∂V × S1, we define a manifold by
M(V, λ;φ) = VH(φ) ∪Φ (∂V ×D2(1 + ǫ)),
where Φ : ∂V ×A(1, 1 + ǫ)→ [−ǫ, 0]× ∂V × S1 ⊂ VH(φ) is the diffeomorphism given by
Φ : (x, re2πiϕ) 7→ (1− r, x, ϕ).(A.1)
The manifold M(V, λ;φ) is what we shall equip with a contact structure. The 1-form
α = λ+Kdϕ for an arbitrary constant K > 0 defines a contact structure on VH(φ). On
the collar neighborhood [−ǫ, 0]× ∂V ×S1 of ∂VH(φ), α can be written as erλ∂V +Kdϕ.
Here, λ∂V is the pull-back of λ by the inclusion ∂V →֒ V . What is left is to extend α to
∂V ×D2(1 + ǫ). Let us define a 1-form on ∂V ×D2(1 + ǫ) by
β = f(r)λ∂V + g(r)dϕ,
where f(r), g(r) : [0, 1 + ǫ] → R are smooth functions specified later. Simple computa-
tions give Φ∗(α) = e1−rλ∂V +Kdϕ and
β ∧ (dβ)n = nf(r)n−1(f(r)g′(r)− f ′(r)g(r))λ∂V ∧ (dλ∂V )n−1 ∧ dr ∧ dϕ.
Thus, for β being a contact form, the functions f and g satisfy the following conditions
(see Figure 4):
• f(r) = C0 and g(r) = C1r2 for r ≤ ǫ/2, where C0 > 1 and C1 > 0 are constants;
• f(r) = e1−r and g(r) = K for r ≥ 1;
• (f(r), g(r)) is never parallel to its tangent vector (f ′(r), g′(r)) for r 6= 0.
Taking such functions f and g, we obtain a contact form and hence a contact structure
on M(V, λ;ϕ). We denote the resulting contact manifold by OB(V, λ;φ).
r
f(r)
ǫ/2 1
C0
g(r)
r
K
ǫ/2 1
Figure 4.
The following lemma follows easily from the above construction.
Lemma A.2. Let (V, λ;φ) be an abstract open book. Suppose φ is the identity map on a
(closed) collar neighborhood νV (∂V ) of ∂V . Then, OB(V \ ν˚V (∂V ), λ|;φ|) is contacto-
morphic to OB(V, λ;φ), where λ| and φ| are the restrictions of λ and φ to V \ ν˚V (∂V ),
respectively.
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A.2. Strong symplectic fillings of contact manifolds. Let π : (E,Ω) → D be a
symplectic Lefschetz-Bott fibration over the closed unit disk D such that Ω is exact
near the boundary ∂E and on each regular fiber of π. We may assume that Ω is non-
degenerate, i.e., symplectic on E by [29, Lemma 1.5] and also that the Liouville vector
field of λ, where dλ = Ω, defined near ∂E points outwards along ∂E. Horizontal triviality
allows us to identify a collar neighborhood νE(∂hE) of ∂hE with
([−2ǫ, 0] × ∂V × D, detλ∂V + dλb)
for some small ǫ > 0, where V = π−1(1), λ∂V = λ|T∂V and dλb is an exact symplectic
form on D. Moreover, for future use, identify it with
([−ǫ, ǫ]× ∂V ′ × D, detλ∂V ′ + dλb),
where V ′ = V \ (−ǫ, 0]× ∂V . We deform the symplectic structure Ω so that the 1-form
λb is a 1-form on D which has the form
h(s)dϕ,
where the function h(s) is equal to Ks2 for some constant K > 0 near s = 0 and Kes−1
on [1 − ǫ, ǫ] × ∂D ⊂ D, and h′(s) > 0 except for s = 0. Note that the deformation
induces a one-parameter family of contact forms on ∂E, so it does not affect the initial
contact structure on ∂E up to isotopy. By definition, in a neighborhood of the corners,
the symplectic form detλ∂V ′ + dλb can be written as
detλ∂V ′ +Kde
sdϕ.
Hence, the Liouville vector field of λ coincides with ∂t + ∂s on this neigborhood. To
smooth the corners, first let γǫ be the image of a curve [−ǫ, ǫ] → [−ǫ, ǫ] × [1 − ǫ, 1],
r 7→ (f(r), g(r)) (see Figure 5), where f, g satisfies that
• f(r) = ǫ and g(r) = 1 + r for r ≤ −ǫ/2;
• f ′(r) < 0 and g′(r) > 0 for −ǫ/2 < r < 0;
• f(r) = −r and g(r) = 1 for r ≥ 0.
Write Γǫ for the component of ([−ǫ, ǫ] × [1 − ǫ, 1]) \ γǫ containing the point (ǫ, 1) (see
Figure 5). Define the manifold Eǫ by
Eǫ := E \ Φ−1h ({(s, x, te2πiϕ) ∈ [−ǫ, ǫ]× ∂V ′ × D | (s, t) ∈ Γǫ}),
which will be a smooth manifold we desired. Here, Φh : νE(∂hE)→ [−ǫ, ǫ]× ∂V ′ ×D is
a trivialization of νE(∂hE).
Proposition A.3 (cf. [18, Section 2.5]). Let π : (E,Ω)→ D be a symplectic Lefschetz-
Bott fibration, (V, dλ) = (π−1(1),Ω|π−1(1)) and φ ∈ Sympc(V, dλ) the monodromy of π
along ∂D. Suppose Ω is non-degenerate on E and exact near ∂E and on each regular
fiber of π. Then, after deforming Ω and smoothing the corners of E, E is a strong
symplectic filling of the contact manifold OB(V, λ;φ).
Proof. We may assume that Ω has been already deformed so that λb agrees with h(s)dϕ.
Let Eǫ be a smooth manifold constructed above. By construction, it has a convex
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−ǫ ǫ
1− ǫ
1
Γǫ
γǫ
Figure 5.
boundary. Hence, it suffices to show that (M = ∂Eǫ, ker(iXΩ|TM )) is contactomorphic
to OB(V, λ;φ), where X is the Liouville vector field defined near ∂Eǫ. Set
Mv =M ∩ ∂vE, Mh =M ∩ ∂hE
Mc = Φ
−1
h ({(s, x, te2πiϕ) ∈ [−ǫ, ǫ]× ∂V ′ × D | (s, t) ∈ γǫ}).
Unless otherwise noted, we do not distinguish νE(∂hE) from [−ǫ, ǫ]×∂V ′×D in this proof.
Since the monodromy of the symplectic fibration π| :Mv → ∂D is φ, it is isomorphic to
V ′(φ) = (V ′ × R)/(φ(x), ϕ + 1) ∼ (x, ϕ)
equipped with the contact form λ + d(Hϕ), where H is a function with φ∗λ − λ = dH
and H ≡ 2π near ∂V ′. Define the contactomorphism Ψv : V ′H(φ)→ V ′(φ) ∼=Mv by
Ψv : (x, ϕ) 7→ (x, ϕ/H).
Next, we define the diffeomorphism Ψh : ∂V
′×D1+ǫ →Mh ∪Mc ⊂ [−ǫ, ǫ]× ∂V ′×D by
Ψh(x, r, ϕ) =
{
(ǫ, x, re2πiϕ) (r < 1− ǫ),
(f(r − 1), x, g(r − 1)e2πiϕ) (r ≥ 1− ǫ).
A direct computation shows that
Ψ∗h(e
tλ∂V ′ + h(r)dϕ) =
{
eǫλ|∂V ′ + h(r)dϕ (r < 1− ǫ),
ef(r−1)λ|∂V ′ + h(g(r − 1))dϕ (r ≥ 1− ǫ).
The pull-back 1-form on ∂V ′×D2(1 + ǫ) satisfies the conditions for them being contact
in Section A.1. As a consequence, the following diagram is commute and each map is a
contactomorphim:
∂V ′ ×A(1, 1 + ǫ) Φ //
Ψh

[−ǫ, 0] × ∂V ′ × S1 ⊂ VH(φ)
Ψv

Mh ∩Mc ⊃ Ψh(∂V ′ ×A(1, 1 + ǫ)) Id // Ψv([−ǫ, 0] × ∂V ′ × S1) ⊂Mv ∩Mc,
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where Φ is the map (A.1) defined in the previous subsection. Hence we conclude that
(M, ker(iXΩ|TM )) is contactomorphic to OB(V ′, λ|V ′ ;φ|V ′), which is contactomorphic
to OB(V, λ;φ) by Lemma A.2. This completes the proof. 
Corollary A.4. Let (V, ω = dλ) be a Liouville domain and φ an element of Sympc(V, ω).
Suppose there exists a collection of spherically fibered coisotropic submanifolds (C1, . . . , Ck)
in (V, ω) such that φ is symplectically isotopic to the product τC1 ◦ · · · ◦ τCk of fibered
Dehn twists. Then, a contact structure compatible with the open book (V, λ;φ) is strongly
fillable.
Proof. One can associate to the collection (C1, . . . , Ck) in (V, ω) a symplectic Lefschetz-
Bott fibration over D whose collection of vanishing cycles equals the given collection for
some distinguished basis. The corollary straightforwardly follows from this fact coupled
with Proposition A.3. 
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